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Instructions

(i) All questions should be answered to get full points.

(ii) Each question is worth 25 points.

(iii) Read the instructions in the questions carefully.

(iv) Answer the questions as detailed as possible. Use mathematical expressions

when necessary. You can use words when you cannot provide a formal math-

ematical answer to the questions.

(v) If a question is not clear to you, make your own assumptions to clarify the

meaning of the question and then answer the question based on your assump-

tions.

(vi) See the back of this page for some standard results that you may make use of

while answering the questions.
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Some standard results

Suppose that the scalar process {zt} follows the following data generating process:

zt = zt−1 + ut,

where z0 = 0 and ut has the following properties:

(a) ut = ψ(L)εt =
∑∞

j=0 ψjεt−j where
∑∞

j=0 j·|ψj| <∞ and {εt} is an i.i.d sequence

with mean zero and variance σ2
ε , and finite fourth moment;

(b) σ2 denotes the long run variance of {ut} and σ2
u denotes the contemporaneous

variance of {ut}.

Note that under these assumptions zt can be written as a partial sum as

zt =
t∑

s=1

us.

Let W (r) be a standard Brownian motion process associated with ut. Then the

following results hold:

(1) T−1/2
∑T

t=1 ut
d→ σW (1);

(2) T−1
∑T

t=1 u
2
t

p→ σ2
u;

(3) T−1
∑T

t=1 zt−1ut
d→ 1

2
σ2
[
W (1)2 − σ2

u

σ2

]
;

(4) T−3/2
∑T

t=1 tut−j
d→ σ

{
W (1)−

∫ 1

0
W (r)dr

}
for j = 0, 1, . . .;

(5) T−3/2
∑T

t=1 zt−1
d→ σ

∫ 1

0
W (r)dr;

(6) T−2
∑T

t=1 z
2
t−1

d→ σ2
∫ 1

0
W (r)2dr;

(7) T−5/2
∑T

t=1 tzt−1
d→ σ

∫ 1

0
rW (r)dr;

(8) T−3
∑T

t=1 tz
2
t−1

d→ σ2
∫ 1

0
rW (r)2dr;

(9) T−(v+1)
∑T

t=1 t
v → 1/(v + 1) for v = 0, 1, . . .;

(10) Suppose that the DGP of another time series process yt follows the model

yt = yt−1 + et,

where yt = 0 and et satisfy the same assumptions as (a) and has a long run

variance σ2
e and We(r) is a standard Brownian motion processs associated with

et, then

T−2
∑T

t=1 ztyt
d→ σσe

∫ 1

0
W (r)We(r)dr.
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Question 1: Conceptual Questions (25 points out

of 100 points)

Below you will find 3 statements. All these are related to the concepts/techqniques

that have been discussed during the lectures. Some of these statements are cor-

rect, some are wrong, some need further clarification. You need to provide a brief,

to the point answer that would contain (i) short explanations/definitions of

the concepts mentioned in the statement, (ii) your judgement about the

statement about whether it is correct/wrong/unclear/incomplete, and an

explanation of your judgement (iii) a correction of the statement. The con-

cepts that you need to explain and define are written in italics. A formal answer

using mathematics is possible, sometimes very useful but not always necessary.

(a) (5 points) Reduced form representation of a VAR model can be uniquely con-

verted to a structural form VAR model. It is always preferable to consider

reduced from VARs.

(b) (5 points) Suppose that yt and xt are two I(1) processes and these two pro-

cesses are cointegrated with the cointegrating vector (1,−β). Here, β can be

estimated consistently by estimating the regression model

yt = βxt + ut.

Furthermore the hypothesis of H0 : β = 1 can be tested by using normal

distribution.

(c) (15 points) For a panel data variable yi,t, a dynamic panel data model can be

written as

yi,t = ρyi,t−1 + ui,t.

Let N represent the number of cross-section units and T represent the number

of time series periods. Suppose that ui,t follows

ui,t = µi + εi,t,

where µi ∼ (0, σ2
µ) and εi,t ∼ (0, σ2

ε ). This is called the interactive fixed effects

assumption for ui,t. When T is fixed as N →∞, the fixed effects estimator of

ρ is unbiased and consistent.
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Question 2: Modeling and stationarity (25 points

out of 100 points)

(a) (15 points) Consider two processes yt and xt with the DGPs

yt = A1yt−1 +B1yt−2 + A2xt−1 + uy,t,

xt = A3yt−1 + A4xt−1 + ux,t.

Suppose that

uy,t = C1uy,t−1 + ε1,t,

ux,t = ε1,t + ε2,t,

where for εt = (ε1,t, ε2,t)
′.

εt =

(
ε1,t
ε2,t

)
∼ IN

[(
0
0

)
,

(
σ2
1 0

0 σ2
2

)]
,

Now we define

wt =

(
yt
xt

)
.

(i) Write the two models for yt and xt given above in the form of a VAR(2)

model for wt.

(ii) Show that for wt we can obtain a model in the form

∆wt = Ewt−1 + F∆wt−1 + G∆wt−2 + Hεt,

where

H =

(
1 0
1 1

)
.

Write E, F and G in terms of the model parameters A1, A2, A3, A4, B1

and C1.

(iii) Briefly discuss under what conditions at least one of the elements of wt

is I(2)?
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(b) (10 points) Consider the bivariate system for yt and xt. Let wt = (yt, xt)
′. The

DGP for wt can be written as

∆wt = αβ′wt−1 + Γ∆wt−1 + εt,

where

α =

(
α1

0

)
, β =

(
1
−β1

)
,

and

Γ =

(
0 γ1
0 γ2

)
and

εt =

(
εy,t
εx,t

)
∼ IN

[(
0
0

)
,

(
σ2
y 0

0 σ2
x

)]
.

Show that β′wt is weakly stationary if |γ2| < 1, and −2 < α1 < 0. Write down

the additional necessary conditions (if any). In addition to your derivations

explain with your own words why do we need the conditions |γ2| < 1, and

−2 < α1 < 0 and what happens if these conditions are not satisfied.
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Question 3: Asymptotic Derivations (25 points out

of 100 points)

(a) (15 points) A nonparametric test for unit roots:

Suppose that we have the following data generating processes (DGP) for {yt}

yt = ρyt−1 + ut,

for t = 1, . . . , T . We assume:

◦ ut = ψ(L)εt =
∑∞

j=0 ψjεt−j where
∑∞

j=0 j · |ψj| < ∞ and {εt} is an i.i.d

sequence with mean zero and variance σ2
ε , and finite fourth moment;

◦ σ2 denotes the long run variance of {ut} and σ2
u denotes the contempora-

neous variance of {ut};

◦ y0 = 0.

We would like to test for unit roots. So we are interested in testing

H0 : ρ = 1,

against the alternative

H1 : |ρ| < 1.

For this reason, we consider the test statistic

V R =
T
(∑T

t=1 ∆yt

)2
∑T

t=1 y
2
t

(i) Derive carefully the order of probability and the limiting distribution of

V R under the null hypothesis.

(ii) Obtain the order of probability of V R under the alternative hypothesis.

(iii) What do you conclude about the consistency of this test?
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(b) (10 points) Suppose that we have the following data generating processes

(DGP) for {yt} and {xt}

yt = δ + yt−1 + uy,t

xt = µ+ ux,t

for t = 1, . . . , T . We assume:

◦ uy,t = ψ(L)εt =
∑∞

j=0 ψjεt−j where
∑∞

j=0 j · |ψj| <∞ and {εt} is an i.i.d

sequence with mean zero and variance σ2
ε , and finite fourth moment. σ2

y

denotes the long run variance of {uy,t} and σ2
u,y denotes the contempora-

neous variance of {uy,t};

◦ ux,t ∼ i.i.d(0, σ2
u,x);

◦ y0 = 0;

We consider the estimation of the regression model

yt = βxt + error,

using a sample of T observations.

Consider the least squares estimator

β̂ =

∑T
t=1 ytxt∑T
t=1 x

2
t

.

(i) Derive and discuss the orders of probability and limiting distributions

of the numerator and the denominator of β̂. Write down any necessary

additional assumptions.

(ii) Use your findings for (i) to comment on the asymptotic behaviour of β̂.

What is wrong in this analysis?

9



Question 4: Empirical Application (25 points out

of 100 points)

(a) (10 points) Samwise is an econometrics student from Rohan University. He

wants to analyze the evolution of average atmospheric temperature and gross

domestic product over time and use his findings to investigate the relation

between these variables. He collects annual data on these variables from two

countries for the period 1920 - 2020. These countries are called Gondor and

Isengard. The retained variables are

◦ log of average annual atmpospheric temperature of Gondor (tempg,t),

◦ log of gross domestic product of Gondor (gdpg,t)

◦ log of average annual atmpospheric temperature of Isengard (tempi,t)

◦ log of gross domestic product of Isengard (gdpi,t)

He first tests for unit roots by using the Dickey-Fuller test for the null hypoth-

esis of unit root against alternative hypothesis of trend stationarity.

Variables DF-statistic 5 % t−distribution 5% Dickey-fuller 5% Dickey-fuller
critical critical critical
values values values

without with
trend trend

tempg,t -1.89 -1.64 -2.89 -3.45
gdpg,t -1.67 -1.64 -2.89 -3.45
tempi,t -2.56 -1.64 -2.89 -3.45
gdpi,t -3.32 -1.64 -2.89 -3.45

Given this unit root test output he wants to estimate a vector error correction

model for the 4 variables that he has data on.

(i) Comment on the results of the unit root tests. Discuss whether the choice

of the unit root test is justifiable. Do you have any recommendations to

Samwise that would improve his unit root analysis? If yes, what are they?

Discuss in detail.
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(ii) Given the unit root test results, what are your suggestions for the VECM

model that Samwise wants to construct and analyze? If he wants to dis-

cover the potential cointegrating relations between the 4 variables, how

should he proceed? Explain the steps he needs to follow in detail.

(b) (15 points) Another econometrics student from Rohan University named Frodo

is analyzing a panel data set of daily wind speed and insurance claims for 150

towns over 360 days. Let wi,t denote the average wind speed in town i on day

t and ci,t denote the total daily amount of insurance claims made from town i

on day t. Frodo considers the model

ci,t = βiwi,t + ui,t.

He suspects that there might be correlation between the error terms of the

models for wind speeds of different towns, such that

Cov(ui,tuj,t) 6= 0, for i 6= j.

He starts looking for an advice on how to analyze this panel data set.

(i) One of the ways to model this correlation is to assume a “spatial” model.

Another way is to assume the existence of an “unobserved common fac-

tor”. Explain to Frodo how these two approaches can be used model to

the correlation between ui,t and uj,t for i 6= j.

(ii) Assume that there is an unobserved factor that affects ui,t and wi,t for

all i = 1, . . . , N . Explain to Frodo why it is not a good idea to ignore

this factor structure even if he wants to estimate the individual specific

coefficients, βi by using OLS.

(iii) Now assume that βi follows the random coefficient model, such that

βi = β + νi,

where νi ∼ i.i.d(0, ων), for i = 1, . . . , N and |β| < K < ∞, 0 < ων < ∞.

In the presence of unobserved common factors, explain to Frodo, how he

can use Pesaran’s Common-Correlated-Effects (CCE) estimator to obtain

a consistent estimator for βi and for β.
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